Abstract. In this paper we construct new solutions of the Kähler-Yang-Mills equations, by applying dimensional reduction methods to the product of the complex projective line with a compact Riemann surface. The resulting equations, that we call gravitating vortex equations, describe Abelian vortices on the Riemann surface with back reaction of the metric. As a particular case of these gravitating vortices on the Riemann sphere we find solutions of the Einstein-Bogomol'nyi equations, which physically correspond to NielsenOlesen cosmic strings in the Bogomol'nyi phase. We use this to provide a Geometric Invariant Theory interpretation of an existence result by Y. Yang for the Einstein-Bogomol'nyi equations, applying a criterion due to G. Székelyhidi.
Introduction
The Kähler-Yang-Mills equations, introduced in [1, 11] , emerge from a natural extension of the theories for constant scalar curvature Kähler metrics and hermite-Yang-Mills connections. Fix a holomorphic vector bundle E over a compact complex Kählerian manifold X. The Kähler-Yang-Mills equations intertwine the scalar curvature S of a Kähler metric g X on X and the curvature F of a hermitian metric H on E:
Here, ΛF is the contraction of the curvature F with the Kähler form of g X . The equations depend on a coupling constant α ∈ R, and the constants λ, c ∈ R are topological (see Section 2 for details). These equations can be defined more generally, with E replaced by a holomorphic principal bundle, but this set-up will suffice for our purposes in this paper.
The initial motivation for the present work was to find the simplest non-trivial solutions of the Kähler-Yang-Mills equations. It turns out that these equations decouple on a compact Riemann surface, due to the vanishing of the first Pontryagin term tr F ∧ F , and so in this case the solution to the problem reduces to a combination of the uniformization theorem for Riemann surfaces and the theorem of Narasimhan and Seshadri [7, 27] (see [1, Example 5.6] ). For an arbitrary higher-dimensional manifold X, determining whether (1.1) admits solutions is a difficult problem, because in this case these equations are a system of coupled fourth-order fully non-linear partial differential equations.
Despite this, a large class of examples was found in [1, 11] for small α, by perturbing constant scalar curvature Kähler metrics and hermite-Yang-Mills connections. More concrete and interesting solutions -over a polarised threefold that does not admit any constant scalar curvature Kähler metric -were obtained by Keller and Tønnesen-Friedman [20] .
The second author and Tipler [12] added new examples to this short list, by simultaneous deformation of the complex structures of X and E.
To provide a new class of interesting examples, inspired by [13] , in this paper we consider the dimensional reduction of the Kähler-Yang-Mills equations from
to a compact connected Riemann surface Σ of arbitrary genus g(Σ). Let SU(2) act on X, trivially on Σ, and in the standard way on P 1 ∼ = SU(2)/ U(1). Let L be a holomorphic line bundle over Σ, and φ a holomorphic global section of L. Let E be the SU(2)-equivariant holomorphic rank 2 vector bundle over X, fitting in the holomorphic extension 0 → L −→ E −→ O P 1 (2) → 0 determined by the section φ ∈ H 0 (L) ∼ = H 1 (L⊗O P 1 (−2)) (we omit the obvious pull-backs). For τ ∈ R >0 , consider the SU(2)-invariant Kähler metric on X whose Kähler form is
where ω Σ is a Kähler form on Σ and ω F S is the Fubini-Study metric on P 1 . Our main existence result for the Kähler-Yang-Mills equations is the following. The unknowns of the gravitating vortex equations are a Kähler metric g Σ on Σ and a hermitian metric h on L. Here, F is the curvature of the Chern connection of h, ΛF is its contraction by the Kähler form of g Σ , |φ| is the pointwise norm of φ with respect to h, S is the scalar curvature of g Σ , and ∆ is the Laplacian of the metric on the surface acting on functions. The constant c ∈ R is topological, as it can be obtained by integrating (1.4) over Σ. More explicitly,
The first equation in (1.4) is the vortex equation, also known as the Bogomol'nyi equation in the abelian-Higgs model. Solutions of (1.4) are called vortices, and have been extensively studied in the literature after the seminal work of Jaffe and Taubes [18, 33] on the Euclidean plane. It is known [4, 13, 14, 29] that the existence of solutions (with φ = 0) is equivalent to the inequality (1.3) (Noguchi [29] only considers the case τ = 1, but the proof can be adapted to any τ ∈ R.)
The situation c 1 (L) = 0, which is not covered by Theorem 1.1, provides a simple class of solutions of the Kähler-Yang-Mills equations that we consider in Proposition 3.6. We note that even though the extension class of E is non-trivial when φ = 0, the existence problem for equivariant solutions of the Kähler-Yang-Mills equations is straightforward after dimensional reduction.
The proof of (1) in Theorem 1.1 is provided by the following (Theorem 4.1).
Theorem 1.2. Assume that g(Σ) 1 and that φ is not identically zero. Then, for any constant scalar curvature metric ω on Σ such that
holds, there exists ǫ > 0 such that for all α ∈ R with 0 < |α| < ǫ there exists a solution (ω α , h α ) of the gravitating vortex equations (3.1).
A proof of Theorem 1.2 for the case g(Σ) > 1, is given by using methods similar to those used by Bradlow [4] . He applied a conformal change h ′ = e 2u h to a suitable hermitian metric h on L, observed that the vortex equation for h ′ is a non-linear PDE for u ∈ C ∞ (Σ) that had already been solved by Kazdan and Warner [19] , and used their results to obtain an equivalence between the existence of vortices and (1.6). In the case of the gravitating vortex equations, we can fix a constant scalar curvature metric g on Σ and the unique hermitian metric h on L with constant ΛF , and apply conformal changes to these metrics. The equations for g ′ = e 2u g, h ′ = e 2f h, with u, f ∈ C ∞ (Σ), are
(see Lemma 4.2) . To the knowledge of the authors, these equations have not appeared before in the geometric analysis literature, and provide a promising approach to the gravitating vortex equations. We prove existence of solutions of (1.7) in the weak coupling limit 0 < |α| ≪ 1 by a direct application of the Implicit Function Theorem in Banach spaces.
Of course the equivalence of equations (1.4) and (1.7) is also valid when g(Σ) = 1, but the proof of the result in Theorem 1.2 for genus g(Σ) = 1 requires symplectic techniques that we introduce below, extending those used in [14] for the usual vortex equations. The Kähler-Yang-Mills equations (1.1) describe the zeros of a moment map for the hamiltonian action of an appropriately extended gauge group on the product of the space of connections on the bundle and the space of complex structures on the base manifold (see Section 2.1). This is very natural considering that these equations are a generalization of the conditions of constant scalar curvature for a Kähler metric and hermite-Yang-Mills for a connection.
Relying on this moment map interpretation, we developed in [1] a general theory for the study of coupled equations on Kählerian manifolds which applies to the Kähler-YangMills equations. The key consequence of the dimensional reduction mechanism is that the gravitating vortex equations inherit a symplectic interpretation. Using this, we give a proof now valid for g(Σ) ≥ 1 of Theorem 1.2 showing that the obstruction to deform a vortex over a constant scalar curvature compact Riemann surface corresponds to Hamiltonian Killing vector fields.
The proof of part (2) of Theorem 1.1 follows from the analysis of the gravitating vortex equations in the case c = 0 (note that ατ c 1 (L) = 1 implies this condition, by (1.5)). It follows from (1.7) that the gravitating vortex equations are very special when c = 0, as the full system reduces to a single elliptic equation for a function on Σ (see (5.2)). Furthermore, since c 1 (L) = 0 and φ = 0 in the hypothesis of Theorem 1.1, (1.5) implies that χ(Σ) > 0, so the only possible topology of Σ is the Riemann sphere. It turns out that, when c = 0 and c 1 (L) > 0, the gravitating vortex equations have a physical interpretation, as they are equivalent to the Einstein-Bogomol'nyi equations on a Riemann surface [39, 41] . Solutions of the Einstein-Bogomol'nyi equations are known in the physics literature as Nielsen-Olesen cosmic strings [28] , and describe a special class of solutions of the Abelian Higgs model coupled with gravity in four dimensions [6, 24, 25] . For compact Σ, the Einstein-Bogomol'nyi equations were studied by Yang [42, 43] , who proved a theorem relating the existence of solutions and the relative position of the zeros of the Higgs field. The proof of part (2) in Theorem 1.1 follows from the equivalence between the Einstein-Bogomol'nyi equations and the gravitating vortex equations for c = 0, by a direct application of this result of Yang. It turns out that Yang's existence theorem (Theorem 5.1) can be reformulated in the language of Geometric Invariant Theory (GIT) as developed by Mumford [26] , leading to the statement of (2) in Theorem 1.1.
The reformulation of Yang's theorem in GIT terms makes more transparent the link with algebraic geometry. This relation is illustrated by Theorem 5.4, where we prove existence result for gravitating vortices on P 1 -and hence for the Kähler-Yang-Mills equations on P 1 × P 1 -for polystable sections nearby a given strictly polystable φ which admits a solution. For this, we use the moment map interpretation of the Kähler-Yang-Mills equations and apply the main result in [12] , generalizing a theorem of Székelyhidi [32] . As a particular case of Theorem 5.4, we recover with different methods a weak version of Yang's existence theorem (Theorem 5.1), around the (symmetric) solution. The symplectic techniques used in this paper provide also a route to construct obstructions to the existence of solutions for g(Σ) = 0, that we consider in a separate paper [2] .
A key idea we would like to highlight in this paper is that the powerful methods of the theory of symplectic and GIT quotients are ideally suited to analyze the Einstein-Bogomol'nyi equations and, more generally, possibly other cosmic string solutions in field theory. Cosmic strings are special solutions of physical field theories describing vortices coupled with gravity, whose energy is concentrated along an infinite line. The basic structure of a string is a complex scalar field -the Higgs field φ -that winds around the location of the string, where there is a concentration of energy density. In the presence of gauge fields that interact with the Higgs field and the gravitational field, the string is provided with a quantized magnetic flux. The existence of cosmic strings was postulated by Kibble [21] and it is intimately related with the choice of potential for the Higgs field
The minimum energy configuration has |φ| 2 = τ but the phase of φ is undetermined and labels the points on the manifold of vacua which is a circle. The choice of ground state in the circle may vary in space-time and, by continuity, φ can be forced to leave the manifold of vacua producing distinguised submanifolds where φ = 0. These submanifolds are known in field theory as topological defects and, among them, cosmic strings are given by a two-dimensional worldsheet in space-time.
For the Abelian Higgs model coupled with gravity in four dimensions, Linet [24, 25] and Comtet and Gibbons [6] showed that there exists a critical phase such that when the cosmological constant vanishes, the existence problem for classical solutions of the theory reduces to the Einstein-Bogomol'nyi equations [39, 41] . For non-compact Σ, the analysis of these equations carried out during the early 1990s gave rise to the construction of continuous families of finite-energy cosmic string solutions [5, 30, 31, 40, 42] . For compact Σ, the Einstein-Bogomol'nyi equations correspond to our gravitating vortex equations in the case c = 0, symmetry breaking parameter τ > 0 and α/2π equal to the gravitational constant -then the holomorphic global section φ, the Kähler metric g Σ , and the Chern connection of h represent physically the Higgs field, the gravitational field and the gauge fields, respectively. symplectic form ω and volume form vol ω = ω n n! . Fix a complex vector bundle π : E → M of rank r, and a hermitian metric H on E. Consider the positive definite inner product − tr : u(r) × u(r) −→ R on u(r). Being invariant under the adjoint U(r)-action, it induces a metric on the (adjoint) bundle ad E H of skew-hermitian endomorphisms of (E, H). Let Ω k and Ω k (V ) denote the spaces of (smooth) k-forms and V -valued k-forms on M, respectively, for any vector bundle V over M. Then the metric on ad E H extends to a pairing on the space Ω
• (ad E H ),
that will be denoted simply − tr a p ∧ a q , for a j ∈ Ω j (ad E H ), j = p, q. An almost complex structure on M compatible with ω determines a metric on M and an operator
acting on the space Ω p,q of smooth (p, q)-forms, given by the adjoint of the Lefschetz
It can be seen that Λ is symplectic, that is, it does not depend on the choice of almost complex structure on M. Its linear extension to adjoint-bundle valued forms will also be denoted Λ :
Let J and A be the spaces of almost complex structures on M compatible with ω and unitary connections on (E, H), respectively; their respective elements will usually be denoted J and A. We will explain now how the Kähler-Yang-Mills equations arise naturally in the construction of the symplectic quotient of a subspace P ⊂ J × A of 'integrable pairs'.
The group of symmetries of this theory is the extended gauge group G. Let E H be the principal U(r)-bundle of unitary frames of (E, H). Then, G is the group of automorphisms of E H which cover elements of the group H of hamiltonian symplectomorphisms of (M, ω).
There is a canonical short exact sequence of Lie groups
where p maps each g ∈ G into the Hamiltonian symplectomorphism p(g) ∈ H that it covers, and so its kernel G is the unitary gauge group of (E, H), that is, the normal subgroup of G consisting of unitary automorphisms covering the identity map on M.
There are G-actions on J and A, which combine to give an action on the product J × A,
Here, p(g)J denotes the push-forward of J by p(g). To define the G-action on A, we view the elements of A as G-equivariant splittings A : T E H → V E H of the short exact sequence
where
where g : T E → T E denotes the infinitesimal action in the right-hand side.
For each unitary connection A, we write A ⊥ y for the corresponding horizontal lift of a vector field y on M to a vector field on E H . Then each A ∈ A determines a vector-space splitting of the Lie-algebra short exact sequence
Note also that the equation
determines an isomorphism between the space Lie H of Hamiltonian vector fields on M and the space C ∞ 0 (M, ω) of smooth functions ϕ such that M ϕ vol ω = 0, where
The spaces J and A have G-invariant symplectic structures ω J and ω A induced by ω, that combine to define a symplectic form on J × A, for each non-zero real constant α, given by
The following result provides the starting point for the theory of the Kähler-Yang-Mills equations. This result builds on the moment map interpretation of the constant scalar curvature equation for a Kähler metric, due to Fujiki [10] and Donaldson [9] , and the classical result of Atiyah and Bott [3] .
Here, F A is the curvature of A, λ ∈ R is determined by the topology of the bundle and the cohomology class [ω] ∈ H 2 (M, R), and S J is the hermitian scalar curvature of J. Explicitly,
with the convention 2πc 1 (E) = [i tr F A ]. A key observation in [1, 11] is that the space J × A has a (formally integrable) complex structure I preserved by the G-action, given by
For positive α, I is compatible with the family of symplectic structures (2.7), and so it defines Kähler structures on J × A. The condition α > 0 will be assumed in the sequel.
Suppose now that there exist Kähler structures on M with Kähler from ω. This means the subspace J i ⊂ J of integrable almost complex structures compatible with ω is not empty.
J is the space of (p, q)-forms with respect to J. Then the space of integrable pairs P ⊂ J × A, (2.10)
consisting of elements (J, A) with J ∈ J i and A ∈ A
1,1
J , is a G-invariant (possibly singular) Kähler submanifold. The zero locus of the induced moment map µ α for the G-action on P corresponds precisely to the solutions of the (coupled) Kähler-Yang-Mills equations
Here, S J is the scalar curvature of the metric g J = ω(·, J·) and the constant c ∈ R depends on α, the cohomology class of ω and the topology of M and E (see [1, Section 2] ).
One can express the Kähler-Yang-Mills equations from an alternative point of view in which we fix a compact complex manifold X of dimension n, a Kähler class Ω ∈ H 1,1 (X) and a holomorphic vector bundle E over X. Then these equations, for a fixed constant parameter α ∈ R, are iΛ ω F H = λ Id, 12) where the unknowns are a Kähler metric on X with Kähler form ω in Ω, and a hermitian metric H on E. In this case, F H is the curvature of the Chern connection A H of H on E, and S ω is the scalar curvature of the Kähler metric. Note that the operator in (2.2) depends on ω, and the constant c ∈ R depends on α, Ω and the topology of X and E.
The gravitating vortex equations
In this section we introduce the gravitating vortex equations, which are, in a sense, the main object of study of the present paper. We shall derive the equations by equivariant dimensional reduction of the Kähler-Yang-Mills equations on Σ × P 1 .
3.1. Gravitating vortices. Let Σ be a compact connected Riemann surface of arbitrary genus. Let L be a holomorphic line bundle over L and φ ∈ H 0 (Σ, L) a holomorphic section of L. We fix a symmetry breaking parameter 0 < τ ∈ R and a coupling constant α ∈ R. 
Here, S ω is the scalar curvature of ω, F h stands for the curvature of the Chern connection of h, |φ| 2 h is the smooth function on Σ given by the norm-square of φ with respect to h and ∆ ω is the Laplace operator for the metric ω, defined by
The constant c ∈ R is topological, and is explicitly given by
as can be deduced by integrating the equations. The gravitating vortex equations for φ = 0, are the condition that ω is a constant scalar curvature Kähler metric on Σ and h is a hermite-Einstein metric on L. By the Uniformization Theorem for Riemann surfaces, the existence of these 'trivial solutions' reduces by Hodge Theory to the condition c 1 (L) = τ Vol ω (Σ)/4π.
Excluding this trivial case, the sign of c plays an important role in the existence problem for the gravitating vortex equations. For instance, for α > 0 and c positive, the existence of a solution of (3.1) with φ not identically zero forces the topology of the surface to be that of the 2-sphere, as c 1 (L) ≥ 0 implies the positivity of the Euler characteristic χ(Σ) > 0. Further, when c = 0 and c 1 (L) > 0, the only possible topology is also the 2-sphere. This important case, related to the Einstein-Bogomol'nyi equations and the physics of cosmic strings in the Abelian Higgs model, will be treated separately in Section 5.
Remark 3.2. When c = 0 and c 1 (L) = 0 the existence of gravitating vortex with φ = 0 implies that L is isomorphic to the trivial line bundle O Σ , φ is constant with |φ| 2 h = τ , and the gravitating vortex equations are the condition that ω is a flat Kähler metric on an elliptic curve Σ and h is flat. This case will be discussed further in relation to the Kähler-Yang-Mills equations in Proposition 3.6.
For a fixed Kähler metric ω, the first equation in (3.1) corresponds to the (Bogomol'nyi Abelian) vortex equation 
Inspired by work of Witten [38] and Taubes [34] , the method in [13] exploited the dimensional reduction of the hermitian-Yang-Mills equations from four to two dimensions, combined with the theorem of Donaldson, Uhlenbeck and Yau [8, 37] . We will provide with some details of this method in Section 3.2, in order to derive equations (3.1) from the Kähler-Yang-Mills equations.
3.2.
The gravitating vortex equations from dimensional reduction. In this section we derive the gravitating vortex equations (3.1) as dimensional reduction of the Kähler-Yang-Mills equations (2.12) on a rank two bundle E over the product of a compact, connected, Riemann surface Σ with the Riemann sphere P 1 .
As in the previous section, we fix a compact connected Riemann surface Σ of arbitrary genus, a holomorphic line bundle L over Σ and φ ∈ H 0 (Σ, L) a holomorphic section of L. There is canonically associated to (L, φ) a rank two holomorphic vector bundle E over
Here p and q are the projections from X to Σ and P 1 respectively. By O P 1 (2) we denote as usual the holomorphic line bundle with Chern class 2 on P 1 , isomorphic to the holomorphic tangent bundle of P 1 . Extensions as above are parametrized by
and we choose E to be the extension determined by φ.
Let SU(2) act on X, trivially on Σ, and in the standard way on P 1 ∼ = SU(2)/ U(1). This action can be lifted to trivial actions on E and p * L and the standard action on O P 1 (2). Since the induced actions on H 0 (Σ, L) and
For τ ∈ R >0 , consider the SU(2)-invariant Kähler metric on X whose Kähler form is
where ω is a Kähler form on Σ and ω F S is the Fubini-Study metric on P 1 , given in homogeneous coordinates by
We can now state the main result of this section. Throughout, we will assume that the coupling constants α in (3.1) and (2.12) coincide. 
Proof. We start recalling a few facts from the proof of [13, Proposition 12] . Firstly, the class of the extension E is represented by the SU(2)-invariant element
where, in homogeneous coordinates,
Let H be an SU(2)-invariant hermitian metric on E. Since H is SU(2)-invariant and the actions of SU(2) on p * L and q * O P 1 (2) correspond to different weights, it has to be of the form
with respect to the natural smooth splitting E ∼ = p * L ⊕ q * O P 1 (2), for hermitian metrics h 1 on p * L and h 2 on q * O P 1 (2). Moreover, we can assume
for a hermitian metric h 1 on L and h 2 on O X . Using this, the Chern connection of the invariant metric H is of the form
and the correspoding curvature is 
We go now for the proof of the statement: it will reduce to [13, Proposition 12] once we calculate the term
appearing in the Kähler-Yang-Mills equations (2.12).
Lemma 3.5. Consider the hermitian metric on L given by
To prove (3.7), recall from the proof of [13, Proposition 12 ] the formulae
Using now F h 2 = F h 2 − 2iω F S combined with the Weitzenböck-type formula
, we obtain the desired identity (3.7)
With formula (3.7) at hand, we can prove now the statement of the Proposition. Suppose first that (ω τ , h) is a solution of the Kähler-Yang-Mils equations (1.1). Then we have
Substracting the first two equations and using the second equality on the third equation we obtain the result.
On the other hand, if (ω, h) is a solution of the gravitating vortex equations (3.1) we have to solve the system
As in [13, Proposition 12] , the third and fourth equations are automatically satisfied while the rest are solved by the ansatz h 2 = e f , h 1 = h ⊗ h 2 and
When c 1 (L) = 0, the gravitating vortex equations are solved trivially by a constant scalar curvature Kähler metric on Σ and a flat hermitian metric on L (cf. Remark 3.2). In addition, if φ = 0 the holomorphic bundle E is of the form
with non-trivial extension class, and the previous fact combined with Proposition 3.4 provides a straighforward existence result for the Kähler-Yang-Mills equations, that we state in the next proposition. h ′ . We conclude that ω ′ has constant scalar curvature and therefore ω ′ = ω, which implies h = h ′ .
Existence of gravitating vortices in the weak coupling limit
In this section we fix the symmetry breaking parameter τ > 0, but allow the coupling constant α to vary. The goal is to prove an existence theorem for the gravitating vortex equations (3.1) in the weak coupling limit 0 < |α| ≪ 1, by deforming solutions with coupling constant α = 0. For α = 0, the equations (3.1) are equivalent to the condition that ω is a constant scalar curvature Kähler metric on Σ (which exists by the Uniformization Theorem) and h is a solution of the vortex equations (3.3).
Theorem 4.1. Assume that g(Σ) 1 and that φ is not identically zero. Then, for any constant scalar curvature metric ω on Σ such that
Our main tool to prove this result will be the Implicit Function Theorem in Banach spaces. As a consequence of this theorem, as |α| → 0, the pair (ω α , h α ) converges uniformly to (ω, h ′ ), where h ′ is the unique solution of the Abelian vortex equations (3.3) with respect to ω, as stated in Theorem 3.3.
4.1. Kazdan-Warner type equations and the weak coupling limit. In this section we deduce an equivalent formulation of the gravitating vortex equations in terms of Kazdan-Warner type equations. This is inspired by Bradlow's approach [4] , where the vortex equations are reduced to a differential equation for a single function on the Riemann surface, already studied by Kazdan and Warner [19] . We use this, and apply the Implicit Function Theorem in Banach spaces, to prove the result in Theorem 4.1 when g(Σ) > 1.
To obtain the Kazdan-Warner type equations, let L be a holomorphic line bundle over Σ and φ ∈ H 0 (L). Let ω be a constant scalar curvature metric on Σ and h the unique hermite-Einstein metric on L with respect to ω, that is,
Given smooth functions u, f on Σ, consider the conformal rescaling ω ′ = e 2u ω, h ′ = e 2f h. In the sequel, we denote by ∆ the Laplacian of the constant scalar curvature metric ω and also set |φ| 2 = |φ| 
where c is given by (3.2).
Proof. Using the identities
we obtain the system iΛ ω F h + ∆f + 1 2 e 2u (e 2f |φ| 2 − τ ) = 0,
and the result now follows from the choice of ω and h.
To start our deformation argument, we note that for α = 0 the constant function u 0 = 0 provides a solution of the second equation in (4.2). With this ansatz, following Bradlow [4] , we note that by the Kazdan-Warner Theorem [19] there exists a unique smooth solution f 0 ∈ C ∞ (Σ) of the first equation
if and only the inequality (3.4) holds. In this case, the metric h ′ = e 2f 0 h provides the unique solution of the Abelian vortex equations (3.3). Hence, assuming (3.4), the linearization of the equations (4.2) with α = 0 at (0, f 0 ) is given by ∆ḟ +u(e 2f 0 |φ| 2 − τ ) +ḟ e 2f 0 |φ| 2 = 0, 
and consequentlyḟ has to be constant. Since φ is non-identically zero, we necessarily havė f = 0.
To prove Theorem 4.1 when g(Σ) > 1, consider the operator
where c = c(α) is given by (3.2). By Lemma 4.3, the linearization δL 0 of L with respect to u and f at (0, f 0 , 0), given by (4.4), is injective. We check now that it is an isomorphism. For this, we note that ∆ −
is a self-adjoint and positive operator, and hence it is invertible. To prove surjectivity of δL 0 , it is therefore enough to show that the self-adjoint operator ∆ + e 2f 0 |φ| 2 is invertible, which again follows by positivity. The result follows now, by the Implicit Function Theorem on Banach spaces, by taking suitable Sobolev completions of C ∞ (Σ). Regularity of the solutions follows easily from a boot-strapping argument applied to (4.2) and regularity of the Laplacian. 4.2. Existence in the weak coupling limit revisited. From the dimensional reduction argument and the moment map interpretation of the Kähler-Yang-Mills equations [1, 11] (see Section 2.1), it follows that the gravitating vortex equations (1.4) also have a moment map interpretation. We use now this fact to give a proof (covering also the case g(Σ) = 1) of Theorem 4.1.
Let S be compact, connected, oriented, smooth surface endowed with a symplectic form ω. Let (L, h) be a hermitian line bundle over S. As in Section 2.1, consider the extended gauge group G of (L, h) and (S, ω), given by an extension
of the group H of Hamiltonian symplectomorphisms of (S, ω) by the unitary gauge group G of (L, h). Consider the space of integrable triples 
be an open neighbourhood of 0 (in C k -norm, say) such that ω = ω +2i∂∂ϕ is positive for all ϕ ∈ U. Consider the operator
where h = e 2f h and c = c(α) is given by (3.2). Let δB 0 denote the linearization of B with respect to (ϕ, f ) at (0, 0, 0). To give a formula for δB 0 = δB
ϕ → −L ηϕ J for the infinitesimal action of η ϕ ∈ Lie H, and P * for the adjoint with respect to the metric on T J J and the L 2 -pairing on
The proof is analogue to the proof of [1, Proposition 4.7] . Note that P * P is, up to a multiplicative constant factor, the Lichnerowicz operator of the compact Kähler manifold (Σ, ω) (see e.g. [22] )
This is an elliptic self-adjoint semipositive differential operator of order 4, whose kernel is the set of functions ϕ such that η ϕ is a Killing Hamiltonian vector field, and which may be interpreted as the linearization of the constant scalar curvature Kähler equation at ω.
Lemma 4.6. Assume that ω has constant scalar curvature and φ = 0. Then, the kernel of δB 0 can be identified with the space of Hamiltonian Killing vector fields on (Σ, ω).
Proof. By (4.7), δB 0 (ϕ, f ) = 0 implies that ϕ is the potential of a Hamiltonian Killing vector field. The claim follows by positivity of the operator ∆ ω + |φ| 2 h , as argued in Section 4.1.
Proof of Theorem 4.1. By hypothesis, we can assume that ω has constant scalar curvature and that h is a solution of the vortex equation (3.3) . By Lemma 4.6, the linearization δB 0 is injective, since g(Σ) 1 implies that there are no non-zero Hamiltonian Killing vector fields on (Σ, ω). Thus, positivity of ∆ ω + |φ| We note that the previous result cannot be obtained using the methods of [1] , due to the existence of non-trivial Hamiltonian Killing vector fields on Σ × P 1 . 
Yang's theorem and Geometric Invariant Theory
We fix a constant α > 0 and a symmetry breaking parameter τ > 0. In this section we focus on a particular case of the gravitating vortex equations, given by c 1 (L) > 0 and the condition c = 0 in (3.1), that is,
Following Yang [39, 41] , we shall refer to (5.1) as the Einstein-Bogomol'nyi equations. Note that c = 0 combined with c 1 (L) > 0 constrains the topology of the Riemann surface to be Σ = P 1 , as this condition is equivalent to
which is positive for non-zero φ (see Theorem 3.3).
5.1. Existence of solutions and Yang's Theorem. The particular features of the Einstein-Bogomol'nyi equations (5.1) are better observed using the Kazdan-Warner type formulation of the equations (4.2), as in this case the system reduces to a single partial differential equation [42] ∆f + 1 2
for a function f ∈ C ∞ (P 1 ), where
Here, ∆ is the Laplacian of the Fubini-Study metric on P 1 , normalized so that P 1 ω F S = 2π, |φ| is the norm with respect to the Fubini-Study metric on L = O P 1 (N) and c ′ is a real constant that can be chosen at will.
The Liouville type equation (5.2) on P 1 was studied by Yang [42, 43] , who proved the following existence result. Let D = j n j p j be the effective divisor on P 1 corresponding to a pair (L, φ), with N = j n j = c 1 (L). 
p 2 , where p 1 = p 2 and N is even. In this case the solution admits an
The conditions in part (2) of Theorem 5.1 appear in [42] in an a priori estimate for a weak solution of the equation, obtained by smoothing log |φ| around the zeros of φ and taking a suitable limit. The solution satisfying part (1) of Theorem 5.1 is constructed in [43] assuming an S 1 -invariant ansatz for the solution and solving an ordinary differential equation. We note that this last part is stated in the original result for D =
p, with p, p antipodal points on P 1 and S 1 symmetry given by rotation along the {p, p} axis. The more general situation stated here reduces to Yang's result, after pull-back of the solution by an element in SL(2, C) which takes p 1 , p 2 to a pair of antipodal points.
A remarkable fact is that the conditions that appear in Theorem 5.1 have a natural meaning in the construction of quotients of algebraic varieties by complex reductive Lie groups, given by Geometric Invariant Theory (GIT) [26, 35] . Consider the natural SL(2, C)-action on P
1 . There exists a unique lift of this action to L, which induces an action on H 0 (L). GIT tells us that, to construct the algebraic quotient of P(H 0 (L)) by SL(2, C), we need to distinguish an invariant dense open subset
given by semi-stable orbits on H 0 (L), in order to avoid non-Hausdorff phenomena caused by the non-properness of the group action. Note that P(H 0 (L)) can be identified naturally with S N P 1 , the space of length N divisors on P 1 . Upon restriction to (P(H 0 (L))) ss and identification of a semi-stable orbit with the unique closed orbit on its closure, the topological quotient
inherits a structure of algebraic variety. Closed orbits on H 0 (L) are called polystable, and they are in correspondence with points in the GIT quotient, while orbits excluded from the GIT quotient, those in P(H 0 (L))\(P(H 0 (L))) ss , are called unstable. Among polystable orbits, those with finite isotropy group are called stable. By the Hilbert-Mumford criterion, stable, polystable and unstable orbits are conveniently characterised in terms of a numerical criterion, related with conditions (1) and (2) 
The existence of solutions of the Einstein-Bogomol'nyi equations on (P 1 , L, φ) turns out to be equivalent to the polystability of φ, as we prove in [2] , where we will also address the solution of a conjecture by Yisong Yang [43] (see also [44, p. 437 
, the group automorphisms of the total space of L preserving φ (see [2] ), is finite. The method in Section 4.2 implies that the linearization of the EinsteinBogomol'nyi equations is invertible, and hence Yang's solution with c = 0 can be deformed to solutions of the gravitating vortex equation with α nearby τ −1 N −1 .
5.2.
Deformation of symmetric gravitating vortices via GIT. In this section we prove an existence result for gravitating vortices around a symmetric solution of (3.1). For this, we will exploit the relation of the gravitating vortex equations with the Kähler-YangMills equations by dimensional reduction, obtained in Proposition 3.4, and apply the main result in [12] (which generalizes a theorem of Székelyhidi in [32] ). In particular, we give a GIT point of view of Yang's Existence Theorem 5.1 around a symmetric solution.
Let φ be a holomorphic section of L on P 1 which vanishes at exactly two points with multiplicity N/2. For a choice of homogeneous coordinates [x 0 , x 1 ], we can assume that φ vanishes at the two antipodal points 0, ∞, and therefore it can be identified with the homogeneous polynomial
for a suitable t ∈ C * . Without loss of generality we take t = 1.
Consider the SL(2, C)-action on P 1 . There exists a unique lift of this action to L, which induces an action on H 0 (L). Upon identification of H 0 (L) with the space of degree N homogeneous polynomials in x 0 , x 1 , the SL(2, C)-action is simply given by pull-back, and the isotropy group of φ for this action is C * , regarded as the subgroup of SL(2, C)
Denote by s 0 , s 1 , s 2 the three standard generators of sl(2, C), with relations
where s 0 denotes the generator of the Abelian Lie algebra C ⊂ sl(2, C) of (5.4). Consider the natural exact sequence
where ρ denotes the infinitesimal action of SL(2, C) on φ ∈ H 0 (L) and ι is the projection. Note that the C * -action preserves ρ(s 1 ), ρ(s 2 ) and hence ι is C * -equivariant. Using the natural basis of H 0 (L) given by the monomials of degree N, we can identify the representation
where we use that
We are ready to state the main result of this section. Recall that an element φ ′ ∈ H 0 (L) is polystable if and only if its SL(2, C)-orbit on H 0 (L) is closed. Note that for the case of the Einstein-Bogomol'nyi equations an S 1 -symmetric solution exists by Theorem 5.1 (1) . We expect that the methods of [43] can be adapted to prove the existence of S 1 -symmetric gravitating vortices on P 1 for c = 0. Theorem 5.4 (1) provides a characterization of polystable points φ ′′ ∈ ρ(s 1 ), ρ(s 2 ) ⊥ , in terms of a particular 1-parameter subgroup (see Lemma 5.9). Theorem 5.4 (2) ensures the existence of solutions for any polystable φ ′′ close enough φ, in the complement of the sl(2, C)-action, recovering a qualitative version of Yang's Theorem around the symmetric solution.
To proceed with the proof, assume for a moment that φ is an arbitrary section of H 0 (L). To avoid confusion, we introduce the notationP 1 for a different copy of the Riemann sphere, and consider the holomorphic SU (2)-equivariant bundle E on X = P 1 ×P 1 determined by φ, defined in (3.5). Here, SU(2) acts onP 1 ∼ = SU (2)/ U(1) in the standard way. Assume further that (P 1 , L, φ) admits a solution (ω, h) of the gravitating vortex equations. By Proposition 3.4, (ω, h) determines a SU (2)-invariant solution of the Kähler-Yang-Mills equations (ω τ , H) on (X, E). Let G τ the extended gauge group of (ω τ , H), and define
where Aut(X, E) denotes the space of holomorphic automorphisms of E covering an automorphisms of X. The group K is compact and finite-dimensional, and hence admits a complexification K c . In [12] , a finite-dimensional representation
ωτ ) parameterizing infinitesimal deformations of the pair (X, E) compatible with ω τ is constructed, using elliptic operator theory. The compatibility condition amounts to considering infinitesimal deformations of (X, E) such that the corresponding infinitesimal deformation of X is compatible with the symplectic structure ω τ . By application of the Kuranishi method, any small deformation of (X, E) determines a point in H 1 (X, L * ωτ ). Theorem 5.4 will follow from the following result.
Theorem 5.5 ([12]
). Any small deformation of (X, E) with closed K c -orbit in H 1 (X, L part of the statement follows easily, from the fact the automorphisms of E which project to the identity automorphism on X are necessarily constant.
As for the second part, the proof follows from a direct calculation using the explicit form of the extension (3.5) or, alternatively, by applying a Matsushima-Lichnerowicz type theorem for the Kähler-Yang-Mills equations [2] .
To relate (5.6) with the exact sequence (5.5), we need the following fact.
Lemma 5.8. There is an injection
where H 1 (End E) PGL(2,C) denotes the space of PGL(2, C)-invariant infinitesimal deformations of E.
Proof. This map is constructed associating to φ ′ ∈ H 0 (L) the PGL(2, C)-equivariant extension (3.5) corresponding to φ + φ ′ . More explicitely, it is given by
where [β(φ ′ )] denotes the harmonic part of
with respect to (ω τ , H), and
for a choice of coordinate z =x 0 x 1 onP 1 .
To apply Theorem 5.5, it is convenient to do the following change of variables in (5.8): since φ is fixed by C * (see (5.4)), the following bijective map is C * -equivariant
Therefore, for a small neighbourhood
we can assume that Theorem 5.5 applies to ι(φ ′ − φ) for any element φ ′ ∈ U, where we abuse of the notation and identify φ ′ − φ with its image in H 1 (End E).
From Lemma 5.7 and Lemma 5.8, it is now easy to see that the sequence (5.6) restricts to the exact sequence (5.5), where
such that the previous identification is equivariant. Since the action of Z 2 ⊂ C * on H 0 (L) is trivial, we will conveniently work with C * instead.
For the proof of Theorem 5.4 (1) we need the following lemma.
Lemma 5.9. For any φ ′′ ∈ ρ(s 1 ), ρ(s 2 ) ⊥ such that φ ′′ = φ, the C * -orbit of φ ′′ is closed if and only if φ ′′ vanishes at 0 and ∞ with multiplicity < N/2.
Proof. Given φ ′′ = φ, as λ ∈ C * tends to 0, the first N/2 − 1 monomials in the expression for φ ′′ goes to infinity. Thus λ · φ ′′ tends to ∞ and the orbit is closed about λ → 0 unless a j = 0 for j ≤ N/2 − 2. That is, it is closed about 0 so long as φ ′′ does not vanish to order ≥ N/2 at x 0 = 0. The statement follows arguing now for λ → ∞.
We are ready to prove the main theorem of this section.
Proof of Theorem 5.4. We first prove (2) . By definition of polystability, the SL(2, C)-orbit of φ ′′ on H 0 (L) is closed and, in particular, the C * -orbit of φ ′′ in ρ(s 1 ), ρ(s 2 ) ⊥ is closed. Then, by Theorem 5.5, the small deformation (X, E ′ ) of (X, E) determined by φ ′ admits a solution of the Kähler-Yang-Mils equations. We can now average to produce a SU (2)-invariant solution, which implies the existence of a gravitating vortex by Proposition 3.4.
As for the proof of (1), it suffices to show that if φ ′′ satisfies the hypothesis of Lemma 5.9 then it is polystable. Let φ ′ ∈ H 0 (L) close to φ. Since φ has only zeros at 0 and ∞ with multiplicity N/2, φ ′ is forced to be semistable. We will prove that if φ ′ is strictly semi-stable and vanishes at 0 and ∞ with multiplicity < N/2, then φ ′ / ∈ ρ(s 1 ), ρ(s 2 ) ⊥ . We do the proof for the case that φ ′ vanishes at 3 points p 0 , p 1 , p 2 , with multiplicities N/2, k, l, and leave the general case for the reader. We assume p 0 close to 0 and p 1 , p 2 close to ∞. By assumption, p 0 = 0 and p 1 = ∞ = p 2 , so that but we can assume A more conceptual proof can be derived, indeed, from Székelyhidi's arguments in [32] . Considering the finite-dimensional moment map µ for the SU(2)-action on P(H 0 (L)), identified with S N (P 1 ), we have that µ(φ) = 0 (see [35] ). Then, applying Székelyhidi's argument to µ, we obtain that any φ ′′ ∈ ρ(s 1 ), ρ(s 2 ) ⊥ with closed C * -orbit admits also a zero of µ on its SL(2, C)-orbit. Therefore, by the Kempf-Ness Theorem any such φ ′′ is polystable.
